Abstract-A new chaotic system is presented using a single parameter for a two-scroll attractor with high complexity, high chaoticity and widely chaotic range. The system employs two quadratic nonlinearities and two piecewiselinear nonlinearities. The high chaoticity is measured by the the maximum Lyapunov Exponent of 0.429 and the high complexity is measured by the Kaplan-Yorke dimension of 2.3004. Dynamic properties are described in terms of symmetry, a dissipative system, an existence of attractor, equilibria, Jacobian matrices, bifurcations, Poincaroé maps, chaotic waveforms, chaotic spectrum, and forming mechanisms of compound structures.
I. INTRODUCTION
The discovery of the eminent Lorenz system [1] has led to an extensive study of chaotic behaviors in nonlinear systems due to many possible applications in science and technology. The Lorenz system has seven terms in three-dimensional quadratic autonomous Ordinary Differential Equations (ODEs). Considerable research interests have also been made in exploring new chaotic systems either with simpler algebraic structures reflected by fewer terms in ODEs or with more chaotic and complex dynamical behaviors. A measure of chaoticity has been based on the Kaplan-Yorke dimension (D KY ), whilst a measure of complexity (or strangeness) has been based on the maximum positive Lyapunov Exponent (LE).
Several chaotic systems have been suggested to retain two quadratic nonlinearities with fewer terms in ODEs and the attractors closely resemble the two-scroll Lorenz attractor. Examples of systems with six terms in ODEs include, Lu and Chen [2] , Zhou et al. [3] , Li et al., [4] , Lui and Yang [5] , Pehlivan and Glu [6] , and Pan et al. [7] systems. Examples of systems with five terms in ODEs include Sprott cases B and C [8] , the diffusionless Lorenz system [9] , and the five-term system [10] . Other systems have alternatively employed simpler piecewise-linear nonlinearities with five-terms in ODEs found in the jerk model [11] , or a piecewise-linear Lorenz system [12] . Both systems are, however, lack of rotation symmetry [13] . Among all these systems, Sun and Sprott [14] have reported that the diffusionless Lorenz system has potentially possessed the highest value of D KY at 2.2354 through a single control system parameter. It can be considered that this diffusionless Lorenz system is simple in terms of algebraic structure with very high complexity in terms of D KY value.
Recently, two-scroll or many-scroll chaotic systems have employed more than two quadratic nonlinearities for generating complex chaotic attractors. For example, Li and Ou system [15] have employed three quadratic nonlinearities for a two-scroll complex attractor. Wang system [16] has employed three quadratic nonlinearities with eight-terms in ODEs for three-scroll and four-scroll attractors. Dadras et al. system [17] has realized four quadratic nonlinearities with eight-terms in ODEs for two-scroll, three-scroll and four-scroll attractors. Although many-scroll attractors have successfully been generated at the expense of extra three or four quadratic nonlinearities and a number of control parameters, the values of LE and D KY are only somewhat comparable to those of chaotic systems with two quadratic nonlinearities. In particular, the requirements for extra quadratic nonlinearities are not well suited to circuit implementations.
In this paper, a new chaotic system is presented using a single parameter for a two-scroll attractor with high complexity, high chaoticity and widely chaotic range. The system employs two quadratic nonlinearities and two piecewise-linear nonlinearities, including tanh and absolute value nonlinearity. Dynamic properties are theoretically and numerically described in terms of symmetry, a dissipative system, an existence of attractor, equilibria, Jacobian matrix, bifurcation diagram with period-doubling route to chaos, Poincaroé maps, chaotic waveforms in time domain, frequency spectrum, and forming mechanisms of compound structures.
II. PROPOSED HIGHLY COMPLEX CHAOTIC SYSTEM WITH PIECEWISE-LINEAR NONLINEARITY
A new chaotic system is expressed as a set of three first-order autonomous differential equations with sixterms in ODEs as follows; where x, y, z are system state variables and R is a single adjustable positive parameter. This new system (1) has been constructed through the realization of two quadratic and two piecewise-linear nonlinearities. The tanh and absolute value functions were found as potential nonlinearities that sustain two-scroll attractor topology similar to Lorenz attractor, but foster higher values of both D KY and LE.
III. SOME BASIC DYNAMICAL PROPERTIES

A. Symmetry, Dissipativity, and Existence of Attractor
The system (1) is invariance under the coordinate transform (x,y,z)→(−x,−y,z), i.e. the system is symmetric around the z-axis and remains confined to the positive half-space with respect to the z state variable. The divergence of flow of the dynamic system is described as
As p<0, the system systems (1) is a dissipative system with an exponential rate of contraction as
In other words, a volume element V 0 becomes smaller by the flow into a volume element V 0 exp(−t) in time t. Each volume containing the system trajectories shrinks to zero as t→∞ at an exponential rate of −1. System orbits are ultimately confined into a specific limit set of zero volume, and the system asymptotic motion settles onto an attractor. In conclusion, the existence of attractor is constant and independent to all of nonlinear terms.
B. Equilibria
The equilibria of the system (1) can be found by using Consequently, the system possesses two equilibrium points, i.e.
It is seen from (5) that the single parameter R determines the existence of eqilibria. The two equilibrium points are almost symmetric, especially when R is large, and the two-scroll attractor topology can be obtained. However, the equilibrium point at the origin as found in the Lorenz system does not exist in (5) and therefore the system (1) rather has a strong uniform flow in +z direction.
C. Jacobian Matrices and Stability
The Jacobian matrix (J) of partial derivatives of the system (1) is defined as
Applying the two equilibrium points described in (5) into this Jacobian matrix one at a time and analyzing |λI-J|=0 reveal a similar result of a characteristic polynomial, i.e. 
where R / in the case of the equilibrium point P + is equal to
and R / in the case of the equilibrium point P -is equal to
Applying the Routh-Hurwitz criterion to (7) yields
It is verified from (10) that the parameter R must be positive for both equilibrium points in (5) so that the equilibrium points P + and P -satisfy the unstable condition of Routh-Hurwitz criterion. In addition, the form of eigenvalues of the characteristic polynomial in (7) can only be one negative real eigenvalue λ 1 and a pair of complex conjugate eigenvalues λ 2 and λ 3 with positive real parts. Therefore, the above analyses show that the two equilibrium points P + and P -are all unstable, and can be classified as saddle focus nodes.
IV. NUMERICAL ANALYSIS
A. Bifurcations, Lyapunov Exponents, and Kaplan-Yorke Dimension
Numerical simulations have been performed in MATLAB using the initial condition of (x 0 , y 0 , z 0 ) = (1, 1, 1). In fact, the initial condition is not crucial, and can be selected from any point that lies in the basin of attractor. In order to find the control parameter R that offers the maximum values of chaoticty and complexity, Fig.1 shows the bifurcation diagram of the peak of z (z max) versus the parameter R. It is seen in Fig.1 that the system exhibits a period-doubling route to chaos. In addition, Fig.2 shows the plots of the positive LE versus the parameter R. The chaoticity is a measure of the greatest LE, which is the average rate of growth of the distance between two nearby initial conditions that grows exponentially in time when averaged along the trajectory, leading to long-term unpredictability property.
The Lyapunov exponents can be empoyed for the estimation of the rate of entropy production and the fractal dimension commonly known as dimension D KY [18] , i.e.
where k is a non-integer constant, and typically equals to 2 for three-dimensional chaotic system summarizes chaotic regions for the parameter maximum LE (R LEmax ), the LEs and the corresponding D KY . The system (1) has relatively wide chaotic range considered in five regions, including 0< 45<R<65, 67<R<92, and 93<R<134. Particularly, these five chaotic regions yield higher values of both maximum LE and fractional D KY compared with the diffusive Lorenz system that possesses the maximum 2.2354 at R=3.4693 where the LEs are (0.30791, 0, −1.30791). It is also seen from Table 1 The Lyapunov exponents can be empoyed for the estimation of the rate of entropy production and the known as Kaplan-Yorke
integer constant, and typically equals to dimensional chaotic systems. 
B. Numerical Equilibria and Eigenvalues
The system (1) can be formulated using the specific value of R at R LEmax = 60 as follows; (  Table 2 summarizes the numerical values of points, the three eigenvalues of Jacobian matrices, and the corresponding types of equilibrium points at 60. As shown in Table 2 , the attractor orbits around the two equilibrium points P + (7.262, 7.262, 0) and -8.262,0), corresponding to the two mostly symmetric shape. It is also evident that the two equilibrium points are saddle focus nodes as the eigenvalue λ 1 is negative real value and complex conjugate eigenvalues with positive real parts.
V. SIMULATION
In the time domain, Fig. 3(a) shows apparently chaotic waveforms whilst an apparently continuous broadband spectrum log|x| in the frequency domain is shown in Fig.  3(b) . It can be seen from Fig. 3 that the chaotic behaviors. By using the Fourth Kutta method to solve the system (1 of 0.001, the chaotic attractors are displayed in Figs. 4(a)-(d) for a three-dimensional view, an plane, an x-z phase plane and a respectively. It is seen in Fig. 4(a) that the attractor of three-dimensional view remains confined to the positive half-space of the z-axis. In addition, the attractors apparently exhibit a two-scr around the two equilibrium points and P -(-8. 
Equilibria and Eigenvalues
The system (1) can be formulated using the specific = 60 as follows;
With reference to the previous analyses in (4) to (10), Table 2 summarizes the numerical values of equilibrium points, the three eigenvalues of Jacobian matrices, and the corresponding types of equilibrium points at R LEmax = As shown in Table 2 , the attractor orbits around the (7.262, 7.262, 0) and P -(-8.262, 8.262,0), corresponding to the two-scroll attractor with mostly symmetric shape. It is also evident that the two equilibrium points are saddle focus nodes as the is negative real value and λ 2,3 are a pair of alues with positive real parts. IMULATION 
RESULTS
In the time domain, Fig. 3(a) shows apparently chaotic whilst an apparently continuous broadband in the frequency domain is shown in Fig.  an be seen from Fig. 3 that the system exhibits chaotic behaviors. By using the Fourth-order RungeKutta method to solve the system (12) with time step size of 0.001, the chaotic attractors are displayed in Figs. dimensional view, an x-y phase phase plane and a y-z phase plane, respectively. It is seen in Fig. 4(a) that the attractor of dimensional view remains confined to the positive axis. In addition, the attractors scroll topology that orbits around the two equilibrium points P 
VI. FORMING MECHANISMS OF COMPOUND
Compound structures [20] generally demonstrate a forming mechanism of attractor, clarifying its topological structure. The compound structures of the system (12) may be demonstrated using a half-image operation to obtain only the left or the right half-image attractors, both of which can then be merged together as a compound structure. Such an operation can be revealed through the use of a controlled system of the following form Compound structures [20] generally demonstrate a forming mechanism of attractor, clarifying its topological ompound structures of the system (12) image operation to image attractors, both of which can then be merged together as a compound structure. Such an operation can be revealed through the following form Fig. 6(a) for the In contrast, when u = 15, another right half original attractor can be isolated as illustrated in Fig. 6(b) for the y-z phase plane. It is evident and right-image of the attractor in (13) consists of compound structures, which ultimately form the two-scroll attractor topology as previously depicted in Fig.4 (d) . pparently chaotic waveforms, (b) an apparently continuous broadband frequency spectrum log
is a control parameter. When u = −15, a left halfimage of the original attractor shown in Fig. 4(d) can be isolated as illustrated in Fig. 6(a) for the y-z phase plane.
= 15, another right half-image of the original attractor can be isolated as illustrated in Fig. 6(b) plane. It is evident in both left-image image of the attractor in Fig. 6 that the system consists of compound structures, which ultimately scroll attractor topology as previously phase plane, (d) a y-z phase plane.
n apparently continuous broadband frequency spectrum log|x|. VII. COMPARISONS OF CHAOTICITY AND COMPLEXITY Table 3 summarizes the chaoticity and complexity between this paper and related references. For chaoticity, the divergence of flow p typically affects the values of LEs and consequently sets the chaoticity measured by the positive LE max . It is evident from Table 1 that this paper possesses the highest LE max of 0.4299 compared to the systems [9] and [12] in which p is optimally simple at -1. Although the smaller values of p in systems [1] , [10] , [12] , [17] and [21] results in a higher values of LE max , the negative LE is also decreased correspondingly, retaining the constant D KY as described in (11) .
For complexity, this paper has offered the highest value of D KY =2.3004. It is seen from Table 3 that the use of only piecewise-linear nonlinearity in [12] offers a relatively low D KY while the use of two nonlinearity in [9] , [10] , and [20] offer higher D KY . In addition, the systems [15] and [17] require at least three quadratic nonlinearities with higher number of terms in ODEs, but the D KY is relatively low. The proposed chaotic system has attempted for more complex attractors through the interaction of two quadratic and two piecewise-linear nonlinearities, resulting in higher values of both chaoticity and complexity. Furthermore, circuit implementations for tanh and absolute value functions are relative simple based on a single saturated amplifier and a signum nonlinearity circuit [18] . Therefore, the proposed system offers a potential alternative to highly complex chaotic system, but the possible implementation is simple. 
CONCLUSIONS
The new chaotic system has been presented single parameter and a two-scroll attractor. The system has employed two quadratic nonlinearities and two piecewise-linear nonlinearities with only six ODEs. The system achieved high chaoticity of high complexity of 2.3004. Dynamic properties been described in terms of symmetry, system, an existence of attractor, equilibria, Jacobia matrix, bifurcations, Poincaré maps, waveforms, spectrum, and forming mechanisms of compound structures. This work offers a potential alternative to chaotic systems in applications of chaos to control and communication systems. system has been presented with a scroll attractor. The system nonlinearities and two linear nonlinearities with only six-terms in high chaoticity of 0.429 and 2.3004. Dynamic properties have symmetry, a dissipative of attractor, equilibria, Jacobian é maps, waveforms, spectrum, and forming mechanisms of compound a potential alternative to in applications of chaos to control and
